ABSTRACT. In this paper we consider three arithmetic families of isospectral non-isometric Riemannian orbifolds and in each case derive an upper bound for the size of the family which is polynomial as a function of the volume of the orbifolds. The first family that we consider are those constructed by Vignéras' method. The second and third families are those whose covering groups are the minimal covolume arithmetic subgroups and maximal arithmetic subgroups of PGL 2 (R) a × PGL 2 (C) b .
INTRODUCTION
Let M be a complete, orientable Riemannian orbifold of finite volume. The spectrum of M is the set of eigenvalues of the Laplace-Beltrami operator acting on L 2 (M). It is known that this spectrum is discrete and that every eigenvalue occurs with a finite multiplicity. Two orbifolds are said to be isospectral if their spectra coincide. A natural problem is to determine the extent to which the spectrum of M determines its geometry and topology. It is well known for instance, that both volume and scalar curvature are spectral invariants. Isometry class, on the other hand, is not a spectral invariant. This was first shown by Milnor [17] , who exhibited sixteen dimensional flat tori which were isospectral and non-isometric. For an excellent survey of the history of constructing isospectral non-isometric Riemannian manifolds and orbifolds we refer the reader to [11] .
At present there are only two systematic methods known for constructing isospectral nonisometric manifolds. The first is due to Vignéras [23] and was used to exhibit isospectral nonisometric hyperbolic 2-and 3-manifolds. Vignéras' method is based upon the arithmetic of orders in quaternion algebras defined over algebraic number fields. The second method, due to Sunada [22] , is extremely versatile and, along with its variants and generalizations, accounts for the majority of the known examples of isospectral non-isometric manifolds. Using Sunada's method, Brooks, Gornet and Gustafson [4] have constructed arbitrarily large families of isospectral nonisometric Riemann surfaces. In fact, they prove the existence of a constant c > 0 and an infinite sequence g i → ∞ such that for each i there exist at least g c log(g i ) i mutually isospectral nonisometric Riemann surfaces of genus g i . We note that similar results have recently been obtained by McReynolds [16] in the context of complex hyperbolic 2-space and real hyperbolic n-space.
It is a result of McKean [15] that for a fixed Riemann surface S, there are at most finitely many Riemann surfaces which are isospectral to S and pairwise non-isometric. A similar result was proven by Kim [12] for hyperbolic 3-manifolds. In his book Buser [6] provides an explicit bound for the number of surfaces which are isospectral to a fixed surface S of genus g and pairwise non-isometric; there are at most exp(720g 2 ) such surfaces.
In this paper we consider various natural families of Riemannian orbifolds and provide upper bounds (in terms of volume) for the cardinality of a set of pairwise isospectral non-isometric orbifolds whose elements lie in these families. All of the families we consider are arithmetic, and it is significant that in each case the upper bound we deduce is polynomial as a function of volume.
Our first result considers families of isospectral non-isometric orbifolds constructed via Vignéras' method:
Theorem. Fix ǫ > 0. The cardinality of a family of pairwise isospectral non-isometric Riemannian orbifolds of volume V constructed via Vignéras' method is at most V 2+ǫ for all V ≫ 0.
In Sections 4 and 5 we consider families of maximal arithmetic subgroups of
b . These groups comprise an extremely important class of arithmetic subgroups. It is known, for instance, that the hyperbolic 3-orbifold and 3-manifold of smallest volume are both arithmetic [7, 9] . In Section 4 we consider maximal arithmetic subgroups which have minimal covolume in their commensurability class and prove: 18 for all V > 0.
In Section 5 we consider the family of all maximal arithmetic subgroups and prove a bound which is again polynomial in volume. In fact, our result is somewhat stronger in the sense that we prove that within a fixed commensurability class, the set of all maximal arithmetic subgroups which have covolume less than V is bounded by a function polynomial in V . Although the existence of such a bound is implicit in the proof of Theorem 1.6 of Belolipetsky, Gelander, Lubotzky and Shalev [1] , no explicit bound is currently known. We rectify this situation by proving: The proofs of our theorems make extensive use of Borel's volume formula [2] , the work of Chinburg and Friedman [7] , a refinement of the Odlyzko discriminant bounds [18] due to Poitou [19] , and the Brauer-Seigel theorem. Along the way we prove a number theoretic result of independent interest which bounds the class number of an algebraic number field in terms of the absolute value of the discriminant of the field.
NOTATION
Throughout this paper k will denote a number field of degree n with signature (r 1 , r 2 ). That is, k has r 1 real places and r 2 complex places. As a consequence n = r 1 + 2r 2 . We will denote by V ∞ the set of archimedean places of k. The class number of k will be denoted by h k and the absolute value of the discriminant of k will be denoted d k . If p is a prime of k then we will denote by N(p) the norm of p.
For a quaternion algebra B over k we define Ram(B) to be the set of primes of k (possibly infinite) which ramify in B, Ram f (B) to be the set of finite primes of k lying in Ram(B) and Ram ∞ (B) to be the set of archimedean places of k lying in Ram(B). The discriminant of B, which we will denote by D, is defined to be the product of the primes lying in Ram f (B).
ISOSPECTRAL ORBIFOLDS OBTAINED VIA VIGNÉRAS' METHOD
We begin by describing Vignéras' construction [23] of isospectral non-isometric Riemannian orbifolds. For a more detailed exposition, see Chapter 12 of [14] .
Let k be a degree n number field of signature (r 1 , r 2 ) and let B be a quaternion algebra over k which is not ramified at all archimedean places of k. There exists an isomorphism
which induces an embedding
This embedding in turn induces an embedding ρ :
3 is a product of two and three dimensional hyperbolic spaces. The Riemannian orbifolds constructed by Vignéras are of the form Γ\G/K for Γ a discrete subgroup of isometries of G/K.
Let O k be the ring of integers of k and O be a maximal O k -order of B. Théorème 7] showed that when a certain technical number theoretic condition is satisfied, the spectrum of Γ 1 O \G/K is independent of the choice of maximal order O. Although we will not state this number theoretic condition explicitly because of the burdensome notation that it would require, we do remark that if Ram f (B) is nonempty then this condition will be satisfied.
Before stating and proving this section's main theorem we prove a lemma which will be used throughout this paper and which is of independent interest. Proof. The analytic class number formula and the Brauer-Siegel theorem [13, pp. 300, 322] imply that for any real s > 0 we have
where ω k denotes the number of roots of unity contained in k, ζ k (s) is the Dedekind zeta function of k and Reg k is the regulator of k.
Using the well-known estimate ζ k (s) < ζ(s) n we obtain, for s = 1.5, the inequality It therefore follows that the number of elements in a family of pairwise isospectral non-isometric orbifolds constructed via Vignéras' method is bounded above by the number of conjugacy classes of maximal orders in B. It is well known that this latter number (often referred to as the type number of B) coincides with the degree of the maximal abelian extension of k which has 2-elementary Galois group, is unramified outside of the real places in Ram(B) and in which all finite primes of Ram(B) split completely [8, pp. 37, 39] . This latter field extension is contained in the strict class field of k, which has degree at most 2 r 1 h k . We now relate 2 r 1 h k to the discriminant d k of k, which we will in turn relate to the volume V . 
where
.
Applying the trivial estimates ζ k (2), Φ(D), (4π)
s ≥ 1 we see that
In order to get rid of the dependence on r 1 and r 2 in (3.5) we apply the discriminant bounds of Odlyzko [18] and Poitou [19] (see also [5, Section 2] ). In particular there exists an absolute constant C such that log(d k ) ≥ r 1 + n(γ + log(4π)) − C, where γ = 0.57721 . . . is the EulerMascheroni constant. As n = r 1 + 2r 2 we deduce that log(d k ) ≥ 4r 1 + 6r 2 − C, and because 4 > log(4π 2 ) and 6 > log(8π 2 ), we conclude from (3.5) that
for some absolute constant C 1 .
We have already shown that the cardinality of a family of pairwise isospectral non-isometric
Riemannian orbifolds of volume V constructed via Vignéras' method is at most 242(1.22)
k . We have also seen that log(d k ) ≥ 4r 1 − C where C is an absolute constant. Easy computations based on the formulas in Section 2 of [5] show that one may take C = 4.5. It follows that d k ≥ exp(4r 1 )/ exp(4.5). To ease notation slightly, set f (r 1 ) = exp(4r 1 )/ exp (4.5 k , hence the cardinality of a family of pairwise isospectral non-isometric Riemannian orbifolds of volume V constructed via Vignéras' method is at most 242d k ≤ 242C 2 1 V 2 . The theorem follows.
ISOSPECTRAL MINIMAL VOLUME ORBIFOLDS
We begin this section by setting up the notation needed to define the maximal arithmetic lattices in the commensurability class C(k, B) defined by a quaternion algebra B over k. Our description will necessarily be brief. For more details we refer the reader to Borel [2] , Chinburg and Friedman [8, pp. 41 ] and Maclachlan and Reid [14, Section 11] .
Let S be a finite set of primes of k which is disjoint from Ram f (B). For each prime p ∈ S let {M 1 p , M 2 p } represent an edge in the tree of maximal orders of M 2 (k p ). Given this notation we define Γ S,O to be the image in
When S = ∅ we define Γ O = Γ ∅,O . These groups were first defined by Borel [2] , who showed that while all of these groups are not maximal arithmetic subgroups of C(k, B), every maximal arithmetic subgroup of C(k, B) is conjugate to some Γ S,O . Borel also derived formulas for the covolumes of these groups, showing in particular that the group Γ O has minimal covolume in its commensurability class. 
Let ω 2 (B) denote the number of primes of k which have norm 2 and ramify in B. Then
(the latter is an immediate consequence of the Euler product expansion of ζ k (s)). Using this, Lemma 3.1, the trivial bound ω 2 (B) ≤ n and simplifying, we see that
An easy consequence of Lemma 4.3 of [7] is that 3 log(V ) ≥ n. Equation ( 
ISOSPECTRAL MAXIMAL ARITHMETIC LATTICES
In Section 4 we derived an upper bound for the cardinality of a family of pairwise isospectral non-isometric arithmetic Riemannian orbifolds whose members all have covering groups of the form Γ O . In this section we consider Riemannian orbifolds whose covering groups belong to the broader class of maximal arithmetic lattices in
The number of conjugacy classes of maximal arithmetic lattices with covolume at most V in this commensurability class is less than 242V
20 for all V > 0. k . Before proceeding we require a definition. Let Γ 1 , Γ 2 ∈ C(k, B). We define the generalized index [Γ 1 : Γ 2 ] ∈ Q to be the quotient To ease notation let V ′ = vol(H/Γ O ). Using the fact that 3 log(V ′ ) ≥ n (see [7, Lemma 4 .3]) we deduce that the number of conjugacy classes of maximal arithmetic lattices of volume at most V in C(k, B) is less than 242V ′ 3 V 6 d
21 44
k . As we have seen that d Because isospectral Riemannian orbifolds must have the same volume, the following is an immediate consequence of Theorem 5.1. 
Corollary 5.3. The cardinality of a family of commensurable, pairwise isospectral non-isometric arithmetic Riemannian orbifold quotients of H = H

